Abstract. We show how certain u-cluster categories of Dynkin types D and E can be realised as stable module categories of selfinjective algebras. Together with our earlier paper on type A, this completes the classification of those u-cluster categories of Dynkin type which can be realised as stable module categories. We also complete here with types D and E the explicit calculation of the stable Calabi-Yau dimensions of all standard selfinjective algebras of finite representation type.
Introduction
Cluster categories were introduced in [12] , [13] as a categorification of Fomin and Zelevinsky's cluster algebras [17] and have quickly become an independent and very active branch of representation theory.
The more general notion of u-cluster categories was introduced in [26] , see also [35] . To define such a category requires two pieces of data: a quiver Q without loops and cycles, and a positive integer u. The u-cluster category of type Q (over an algebraically closed field k) is the orbit category D f (kQ)/F , where D f (kQ) is the finite derived category of the path algebra kQ, and F is the functor τ −1 Σ u where τ is the Auslander-Reiten translation and Σ the suspension of D f (kQ). For some recent developments around cluster categories and u-cluster categories, see for instance [4] , [5] , [7] , [8] , [9] , [10] , [14] , [15] , [22] , [25] , [26] , [27] , [28] , [32] , [34] , [35] , [36] , [37] , [38] .
It was shown by Keller in [26] that, surprisingly, u-cluster categories are triangulated, and by Keller and Reiten in [27] that among triangulated categories, u-cluster categories are very natural objects: there is a "Morita" theorem to the effect that any triangulated category of algebraic origin which shares the formal properties of a u-cluster category of type kQ (to be specified below) is triangulated equivalent to such a category.
We recently established in [22] a connection between cluster theory and selfinjective algebras by proving that some stable module categories of selfinjective algebras of finite representation type and tree class A n are equivalent to u-cluster categories of type A n . The relationship between stable module categories and u-cluster categories is quite intricate: not every stable module category is a u-cluster category, and conversely, there are cluster categories of Dynkin type which do not come from selfinjective algebras. However, we precisely characterised those u-cluster categories of type A which are triangulated equivalent to stable module categories.
In this paper, we turn from type A to types D and E. We find that again, certain u-cluster categories of types D n (n ≥ 4) and E n (n = 6, 7, 8) can be realised as stable module categories of selfinjective algebras of finite representation type and tree class D n and E n , respectively. The theory becomes more intricate than in type A: while two general types of selfinjective algebras occurred in type A, the Nakayama and Möbius algebras, we will show that three general types of algebras occur in type D, and two in type E. More precisely, in Asashiba's notation from [3, appendix] , they are the types (D n , s, 1), (D n , s, 2), and (D 3m , s 3 , 1) for type D, and (E n , s, 1), n = 6, 7, 8, and (E 6 , s, 2) for type E. (1) Let n ≥ 4 be an integer and let u ≡ −2 mod (2n − 3).
If n or u is even, then the u-cluster category of type D n is triangulated equivalent to the stable module category stab (D n , 
Theorem 1.2 (Realising u-cluster categories of type E).
(1) Let u ≡ −2 mod 11. 29 , 1). These results, combined with our earlier paper [22] provide a complete classification of those u-cluster categories of Dynkin type which can be realised as stable module categories of selfinjective algebras.
The proofs of the above main results will be based on Keller and Reiten's powerful "Morita" theorem for u-cluster categories [27, thm. 4.2] which states the following. Given a Hom finite triangulated category of algebraic origin (e.g. the stable module categories of selfinjective algebras we are considering) and assume it has CalabiYau dimension u + 1 and possesses a u-cluster tilting object T which has hereditary endomorphism algebra H, and also satisfies Hom(T, Σ −i T ) = 0 for i = 1, . . . , u − 1 where Σ is the suspension. Then this category is triangulated equivalent to the u-cluster category of H.
So the strategy of our proofs is to show that the stable module categories of the relevant selfinjective algebras actually share these formal properties of the corresponding u-cluster categories.
In Section 2 we collect the fundamental definitions and properties of u-cluster categories of types D and E.
In Section 3 we briefly recall Asashiba's stable equivalence classification of selfinjective algebras of finite type [2] . Then we develop explicit formulae for the Calabi-Yau dimensions of the stable module categories of standard selfinjective algebras of tree classes D and E. These calculations are based on recent work of Bia lkowski and Skowroński [11] . However, note that the proofs in [11] have to be combined with [22, sec. 2] in which we prove that for a selfinjective algebra of finite type it is indeed sufficient for determining the stable Calabi-Yau dimension to consider the action of Heller and Nakayama functors on objects. Together with our results on tree class A in our paper [22] , Section 3 completes the computation of the stable Calabi-Yau dimensions of arbitrary standard selfinjective algebras of finite representation type (over an algebraically closed field).
As a consequence of our calculations in Section 3 we deduce in Section 4.a that the stable module categories occurring in Theorems 1.1 and 1.2 indeed have CalabiYau dimension u + 1.
In Section 4.b we define a certain object T in the relevant stable module categories and show that T is indeed a u-cluster tilting object.
It then follows almost immediately in Section 4.c that the endomorphism algebra of T is hereditary, i.e. kD n or kE n , as desired.
Finally, in Section 4.d we prove for our chosen object T the statement about negative extension groups occurring in the Keller-Reiten theorem.
An alternative approach for obtaining our realisability results for u-cluster categories of Dynkin type would be to use recent results of C. Amiot [1] on the structure of triangulated categories with finitely many indecomposable objects. However, the two approaches are different in nature and with our approach we even get additional results which would be hidden when just appealing to Amiot's paper. For instance, as part of our proofs we completely determine the precise values of the stable Calabi-Yau dimensions of selfinjective algebras of finite type, thereby solving a problem posed in [11, p. 259] , namely "It would be interesting to determine the stable Calabi-Yau dimension of self-injective algebras of finite representation type".
u-cluster categories
Let H be a finite dimensional hereditary k-algebra, where k is an algebraically closed field.
For an integer u ≥ 1, let C denote the u-cluster category of H, defined as the finite derived category D f (H) modulo the functor τ −1 Σ u where τ is the AuslanderReiten translation (or AR translation) of D f (H) and Σ is the suspension. It follows from [26, sec. 4, thm. ] that C admits a structure of triangulated category in a way such that the canonical functor D f (H) → C is triangulated. The category C is (u+1)-Calabi-Yau by [27, sec. 4.1] . That is, Σ u+1 , the (u+1)'st power of its suspension, is the Serre functor of C.
The category C has the same objects as the derived category D f (H), so in particular, H is an object of C. In fact, by [27, sec. 4.1] again, H is a u-cluster tilting object of C, cf. [24, sec. 3] . That is, (i) Hom C (H, ΣX) = · · · = Hom C (H, Σ u X) = 0 if and only if X is in add H.
(ii) Hom C (X, ΣH) = · · · = Hom C (X, Σ u H) = 0 if and only if X is in add H.
Recall that add H denotes the full subcategory of C consisting of direct summands of (finite) direct sums of copies of H.
Moreover, the endomorphism ring End C (H) is just H itself.
We shall now describe in some more detail the u-cluster categories relevant in our context, namely the u-cluster categories of the path algebras of Dynkin quivers D n and E n , respectively.
2.a. u-cluster categories of type D. Suppose that H = kD n for an integer n ≥ 4, where D n denotes the quiver (n−1) , and the AR quiver of the u-cluster category C is ZD n modulo the action of τ The AR translation τ acts by shifting one unit to the left, so τ −1 acts by shifting one unit to the right. Here and in the sequel, by a unit we mean the distance between two consecutive vertices at the bottom of the AR quiver (or on any layer of the AR quiver, except the one where (n − 1) − occurs). If n is even, then the suspension Σ acts by shifting n − 1 units to the right, and if n is odd, then Σ acts by shifting n − 1 units to the right and switching each pair of 'exceptional' vertices such as (n − 1)
+ and (n − 1) − ; cf. [29, table p. 359 ]. It follows that if n or u is even, then τ −1 Σ u acts by shifting u(n − 1) + 1 units to the right, and if n and u are both odd, then τ −1 Σ u acts by shifting u(n − 1) + 1 units to the right and switching each pair of exceptional vertices.
Accordingly, the AR quiver of the u-cluster category C has the shape of a wreath of circumference u(n − 1) + 1.
2.b. u-cluster categories of type E. Now suppose that H = kE n for an integer n ∈ {6, 7, 8}, where E n denotes the quiver
Here the convention is that for n = 6 the two non-filled vertices and for n = 7 the leftmost non-filled vertex (and all arrows incident to them) do not exist. ? ? . . .
where again, for n = 6 and n = 7 the bottom two rows and bottom row, respectively, of non-filled vertices do not occur. Note that for n = 6 the AR quiver has a symmetry at the central line, which does not exist for E 7 and E 8 . The AR quiver of the u-cluster category C is then ZE n modulo the action of τ −1 Σ u by [12, prop. 1.3] . The AR translation τ acts on the AR quiver by shifting one unit to the left. The suspension functor Σ of the derived category D f (kE n ), n = 6, 7, 8, acts as follows, see for instance [29, For n = 6, the suspension Σ acts by shifting 6 units to the right and reflecting in the central line of the AR quiver.
For n = 7 and n = 8, the suspension Σ acts by shifting 9 and 15 units to the right, respectively.
Hence the action of τ −1 Σ u is given as follows: for n = 6 and u even by shifting 6u + 1 units to the right; for n = 6 and u odd by shifting 6u + 1 units to the right and reflecting in the central line; for n = 7 by shifting 9u + 1 units to the right; for n = 8 by shifting 15u + 1 units to the right.
In particular, the AR quiver of the u-cluster category of type E n (n = 6, 7, 8) has the shape of a wreath, except when n = 6 and u is odd where it has the shape of a Möbius band.
Calabi-Yau dimensions
The stable Calabi-Yau dimension CYdim A of a selfinjective algebra A is by definition the Calabi-Yau dimension of the stable module category stab A. It is the minimal nonnegative number d such that This section provides precise information about the stable Calabi-Yau dimensions of selfinjective algebras of finite representation type and tree classes D and E.
A complete stable equivalence classification of selfinjective algebras of finite representation type was given by H. Asashiba [2] . Representatives for the stable equivalence classes of selfinjective algebras of finite type are listed explicitly in [3, app. 2] . We refer to [2] , [3] and the survey [33] for notations and more details on selfinjective algebras of finite representation type.
We briefly recall some ingredients which will occur in our context. It is known (see e.g. [33, thm. 3.10] ) that any standard selfinjective algebra A of finite representation type is of the form A ∼ = B/(σϕ s ) where B is a tilted algebra, B its repetitive algebra, ϕ is a strictly positive primitive root of degree e(A) of the Nakayama automorphism ν b B , and σ is a rigid automorphism of B of finite order t(A). If ∆ denotes the Dynkin type of B, then one attaches to A the type (∆, f (A), t(A)) where f (A) := s/e(A) (the frequency of A).
The main result of [2] states that the type of a (standard) selfinjective algebra of finite representation type uniquely determines the stable equivalence class.
In [11] , J. Bia lkowski and A. Skowroński determined those selfinjective algebras of finite representation type having finite stable Calabi-Yau dimension. Although they do not compute the precise value of the stable Calabi-Yau dimensions, the methods of their proofs allow us to deduce these precise values below. However, we should stress the point that in [11] the authors only look at when the functors τ A and Ω −d+1 A agree on objects, i.e. when for every A-module M one has 
where m ≥ 2 and 3 ∤ s ≥ 1. Moreover, there is a family of non-standard algebras, denoted Λ(m) (where m ≥ 2). However, we will show in Lemma 3.5 below that their stable module categories cannot be equivalent to u-cluster categories.
For the convenience of the reader we recall some notation and the main result from [11] . For Dynkin type D n we set h Dn = 2n − 2, the Coxeter number of D n , and we define
The main result of [11] , in the special case of type D, says that for a non-simple standard selfinjective algebra A of finite type, the stable Calabi-Yau dimension of A is finite if and only if t(A) ≤ 2 and gcd(s, h * Dn ) = 1.
Lemma 3.1. The following holds for the algebra (D n , s, 1) where n ≥ 4 and s ≥ 1.
(i) The stable AR quiver is a wreath of circumference s(2n − 3).
Proof. (i) It is well known that the AR quiver is a wreath. By [11, cor. 1.7] , the order of the AR translation τ of (D n , s, 1) is equal to s(2n − 3), which must hence be the circumference of the wreath.
(ii) By the main result of [11] mentioned above, the stable Calabi-Yau dimension CYdim(D n , s, 1) is finite if and only if gcd(s, h * Dn ) = 1, which is equivalent to gcd(s, n − 1) = 1, i.e. to M n,s being finite.
In the proof of [11, prop. 2 
i.e., we have to find the minimal k ∈ N such that
or equivalently n − 1 | ks + 1. By the definition of the number M n,s , the minimal such k occurs in the equation ks + 1 = M n,s (n − 1). Thus, for n even, we have
Hence, for n even, we have
Secondly, let n be odd, i.e. h * Dn = h Dn = 2n − 2. Analogous to the previous case we now have to find the minimal k ∈ N such that ks(2n
or equivalently 2(n − 1) | ks + 1. If M n,s is even then ks + 1 = M n,s (n − 1) gives such a solution, and hence d ′ = M n,s (2n − 3) − 2 can be deduced verbatim as in the previous case. If M n,s is odd, then also s is odd (since n is odd). Then the next smallest possibility would be M n,s + s; since this number is even, this indeed yields a solution ks
Since the stable Calabi-Yau dimension is d ′ + 1, the claim for n odd follows directly. (
if n odd and M n,s odd, or if n even, M n,s odd and Proof. (i) The stable AR quiver of the algebra (D n , s, 2) is again a wreath. According to [11, cor. 1.7] , the order of the AR translation is 2s(2n − 3), whereas it was s(2n − 3) for (D n , s, 1). The factor 2 appears because τ acts with only one orbit on the exceptional vertices at the top of the AR quiver, whereas for (D n , s, 1) the AR translation acts with two orbits. So the circumference of the AR quiver is the same in both cases, s(2n − 3).
(ii) We have to deal with the cases n odd and n even independently. First, let n be odd. Then, according to the proof of [11, prop. 2.5] , the stable
Thus, we have to find the minimal k ∈ N such that
Note that this is precisely the complementary situation to the proof for (D n , s, 1) with n odd, where the latter expression was required to be even. So from this point onwards, one can copy the proof for (D n , s, 1) with n odd, with the conditions 'M n,s even' and 'M n,s odd' interchanged, leading to the same formulae, again with 'M n,s even/odd' interchanged. This proves the claim in the case n odd. Secondly, let n be even. According to the proof of [11, prop. 2.4] , the Calabi-
(Note that this forces d ′ to be odd.) Thus we need the minimal k ∈ N such that
or equivalently, such that n−1 | 2ks+1. The minimal such k occurs in the equation
Completely analogous to the proof of the previous lemma one then computes that
Finally, to deduce the statement of the lemma, we have to relate the numbersM n,s and M n,s . Note that, since n is even, the definition of M n,s via the congruence M n,s (n − 1) ≡ 1 mod s implies that s and M n,s have different parity. So we have the following two cases to consider. Case 1. Suppose that M n,s is even (and hence s is odd). We have to show that
The next smallest possibility would be M n,s + s; and this works since now 2s
Case 2. Suppose M n,s is odd (and hence s is even). Then we haveM n,s = M n,s if and only if (i) The stable AR quiver is a wreath of circumference s(2m − 1).
In particular, CYdim(D 3m , 
and we get
The following result will imply that the non-standard selfinjective algebras are not relevant in our context. For the convenience of the reader we recall the definition of these algebras from [3, app. A.2.2]. For any integer m ≥ 2 the algebra Λ(m) is the path algebra of the quiver Proof. The tree class is D 3m by [3, app. A.2.2]. Moreover, it is straightforward to check that the simple modules corresponding to the vertices in the quiver not attached to the loop are τ -periodic with minimal period 2m − 1. In particular, the AR quiver is a wreath of circumference 2m − 1.
Suppose that the stable category stab Λ(m) were a u-cluster category of type D 3m . Then, by comparing the circumferences of the stable AR quivers we would get 2m − 1 = u(3m − 1) + 1 which is clearly impossible.
3.b. Stable Calabi-Yau dimensions of algebras of type E. According to Asashiba's derived and stable equivalence classification [2] , for Dynkin type E, there are four families of representatives of algebras of types
• (E 6 , s, 1) where s ≥ 1,
• (E 6 , s, 2) where s ≥ 1,
• (E 7 , s, 1) where s ≥ 1,
• (E 8 , s, 1) where s ≥ 1.
Recall that in type E, nonstandard algebras do not occur.
Following [11] , we set h E6 = 12, h E7 = 18 and h E8 = 30, the
The main result of [11] 
Proof. (i) By [11, cor. 1.7] , the order of the Auslander-Reiten translations τ of (E 6 , s, 1) and (E 6 , s, 2) are equal to 11s and 22s, respectively. The differing factor 2 only comes from the different actions of τ on the stable AR-quiver, caused by the fact that the AR-quivers of the algebras (E 6 , s, 1) are wreaths, whereas the ones for (E 6 , s, 2) are Möbius bands. But the circumference of the AR-quiver is the same in both cases, namely 11s. From this the claim on the number of indecomposable non-projective modules follows directly.
(ii) In the proofs of [11, prop. 2.1 and prop. 2.5] it is shown that the stable Calabi-Yau dimension of (E 6 , s, 1) and (E 6 , s, 2) is equal to d ′ + 1 where d ′ is the minimal nonnegative number such that 6d ′ + 1 ≡ 0 mod 11s, and where d ′ is even for (E 6 , s, 1) and odd for (E 6 , s, 2). In particular, these algebras have finite Calabi-Yau dimension if and only if gcd(6, s) = 1. So in this case of finite Calabi-Yau dimension we need to find the minimal k ∈ N such that
i.e. such that 6 | 11ks − 1 = 12ks − ks − 1, or equivalently 6 | ks + 1. By the definition of the number M s , the smallest possibility for k occurs in the equation
From this it then follows that
Recall that for the algebras (E 6 , s, 1) we required additionally d ′ to be even. Clearly this holds if any only if M s is even, i.e. if M s is even we deduce CYdim(E 6 , s, 1) = 11M s − 1. If M s is odd, then the next smallest possibility for k occurs in the equation ks + 1 = 6(M s + s).
For this choice of k we then get
Since M s is odd and s is odd (since gcd
The proof for the Calabi-Yau dimensions of the algebras (E 6 , s, 2) is completely analogous, the only difference being the requirement that now d ′ must be odd. This leads to the analogous formulae for CYdim(E 6 , s, 2), only with the conditions 'M s even' and 'M s odd' interchanged.
Lemma 3.7. For the algebras (E 7 , s, 1), where s ≥ 1, the following holds.
(i) They have 119s indecomposable non-projective modules.
(ii) Let M s := inf{l ≥ 1 : 9l ≡ 1 mod s}.
Then the stable module categories have the following Calabi-Yau dimensions:
CYdim (E 7 , s, 1) = 17M s − 1.
Proof. (i) By [11, cor. 1.7] , the order of the Auslander-Reiten translation τ of (E 7 , s, 1) is equal to 17s. Since the stable AR-quiver of (E 7 , s, 1) is a wreath, we have 7 · 17s = 119s indecomposable non-projective modules.
(ii) From the proof of [11, prop. 2.1] we know that the stable Calabi-Yau dimension of (E 7 , s, 1) is equal to d ′ + 1 where d ′ is the minimal nonnegative number such that 9d ′ + 1 ≡ 0 mod 17s. In particular, the Calabi-Yau dimension is finite if and only if gcd(s, 9) = 1. So in case the Calabi-Yau dimension is finite we need to find the minimal k ∈ N such that
i.e. the minimal k such that 9 | ks + 1. By the definition of the number M s , the smallest possibility for such a k occurs in the equation 
Proof. This is completely analogous to the proof of Lemma 3.7, and details are therefore left to the reader. We only note that for (i), the order of the AR translation is 29s by [11, 
Proofs of the main results
We will prove our main Theorems 1.1 and 1.2 by appealing to Keller and Reiten's "Morita" theorem for u-cluster categories [27, thm. 4.2] . This theorem applies to Hom finite triangulated categories of algebraic origin such as the stable module categories we are considering. To use the theorem, we must show that each of the stable module categories in question has Calabi-Yau dimension u + 1, and possesses a u-cluster tilting object T which also satisfies
and has stable endomorphism algebra kD n or kE n , respectively.
4.a. Stable Calabi-Yau dimensions and number of indecomposables.
4.a.1. Type D n . In this section we deal with the algebras (D n , s, 1) and (D n , s, 2). The algebras (D 3m , s 3 , 1) will be considered in Section 4.a.2 below. By Section 2.a, the AR quiver of the u-cluster category of type D n is a wreath of circumference u(n − 1) + 1. Let us compare that with the circumferences of the stable AR quivers of the selfinjective algebras given above in Section 3.a.
The circumference of the AR quivers for the algebras (D n , s, 1) and (D n , s, 2) is s(2n − 3). So in order for the stable categories stab (D n , s, 1) or stab (D n , s, 2) to be u-cluster categories we need
In particular, in this case we have u ≡ −(n − 1) −1 ≡ −2 mod (2n − 3). This condition also turns out to be sufficient for the u-cluster category of type D n to be triangulated equivalent to the stable module category of a selfinjective algebra.
We first deal with the case where n is even.
Theorem 4.1. Let n ≥ 4 be even, and let u ≡ −2 mod (2n−3). Then the u-cluster category of type D n is triangulated equivalent to the stable module category
The reader may wonder why, for n even, none of the algebras (D n , s, 2), occurs in the theorem. By Lemma 3.2, for particular values of n and s, there are certainly algebras of type (D n , s, 2) having the same Calabi-Yau dimension as the corresponding algebras (D n , s, 1). However, these particular values do not occur in the context of u-cluster categories for n even. In fact, under the above assumption u ≡ −2 mod (2n − 3), say u = k(2n − 3) − 2, we conclude that M n,s = k and s = k(n − 1) − 1. Hence for the crucial parameter in Lemma 3.2 we get that
is odd. Hence from Lemma 3.2 we deduce that stab (D n , s, 2) has Calabi-Yau dimension (M n,s + s)(2n − 3) − 1 > u + 1, i.e. it cannot be a u-cluster category.
Proof that the algebra of Theorem 4.1 has stable Calabi-Yau dimension u + 1. Let n ≥ 4 be even, and suppose that u ≡ −2 mod (2n − 3), say u = k(2n − 3) − 2 with k ∈ N. Comparing circumferences of AR quivers in equation (4) we deduce
By Lemma 3.1, the stable Calabi-Yau dimension of the algebra (D n , s, 1) is equal to M n,s (2n − 3) − 1, where
Hence, if n ≥ 4 is even and u(n − 1) + 1 = s(2n − 3), then the stable module category stab (D n , s, 1) has Calabi-Yau dimension
We now turn to the case where n is odd. Proof that the algebra of Theorem 4.2 has stable Calabi-Yau dimension u + 1. Let n ≥ 5 be odd, and suppose that u ≡ −2 mod (2n − 3). As in the previous proof, we write u = k(2n − 3) − 2 for some k ∈ N and get M n,s = k. (In fact, the above computation of the value of M n,s did not depend on n being even.) Invoking Lemmas 3.1 and 3.2, we can then express the stable Calabi-Yau dimensions of the algebras (D n , s, 1) and (D n , s, 2) as follows,
and
Finally, note that k = 
In particular, this implies that
Moreover, recall that in the definition of the algebras (D 3m , s 3 , 1) the case 3 | s is excluded. In the situation of equation (5) Indeed, these conditions turn out also to be sufficient. Note that, setting n = 3m, the forbidden case u ≡ −2 mod (6m − 3) for the algebras (D 3m , 
For determining the value of the latter, observe that
i.e., 
4.a.3. Type E 6 . According to Section 2.b, the u-cluster category of type E 6 has 6(6u + 1) = 36u + 6 indecomposable objects (note that indeed this is independent of u being even or odd). Let us compare that with the number of indecomposable modules for the selfinjective algebras of tree class E 6 given above in Lemma 3.6. The algebras (E 6 , s, 1) and (E 6 , s, 2) have 66s indecomposable non-projective modules. So in order for the stable categories stab (E 6 , s, 1) or stab (E 6 , s, 2) to be u-cluster categories we need that 6u + 1 = 11s.
In particular, in this case we have
This condition will turn out to be also sufficient for the u-cluster category of type E 6 to be triangulated equivalent to a stable module category of a selfinjective algebra. 6u + 1 11
From Lemma 3.6 we now deduce that the stable Calabi-Yau dimension of the above algebras are equal to
4.a. 4 . Type E 7 . For every u ≥ 1, the u-cluster category of type E 7 has 7(9u + 1) = 63u + 7 indecomposable objects (see Section 2.b).
On the other hand, by Lemma 3.7 the selfinjective algebras (E 7 , s, 1) have 119s indecomposable non-projective modules. So in order for the stable module categories stab (E 7 , s, 1) to be u-cluster categories we need that 9u + 1 = 17s.
In particular, in this case we have u ≡ −9 −1 ≡ −2 mod 17. Then the u-cluster category of type E 7 is triangulated equivalent to the stable module category stab (E 7 , 9u+1 17 , 1). We show that the algebras occurring in the theorem actually have the desired stable Calabi-Yau dimension u + 1. According to Lemma 3.7, we have to compute the number M s = inf{l ≥ 1 : 9l ≡ 1 mod s}.
The condition 9u + 1 = 17s implies that s ≡ −1 mod 9, i.e. the number s+1 9 is a (positive) integer. Hence, M s = s+1 9 and it follows by Lemma 3.7 that indeed
4.a.5. Type E 8 . According to Section 2.b, the u-cluster category of type E 8 has 8(15u + 1) = 120u + 8 indecomposable objects. On the other hand, the algebras (E 8 , s, 1) have 232s indecomposable non-projective modules, by Lemma 3.8. So in order for the stable module categories stab (E 8 , s, 1) to be u-cluster categories we need that 15u + 1 = 29s. In particular, in this case we have
Theorem 4.6. Let u be a positive integer such that u ≡ −2 mod 29.
Then the u-cluster category of type E 8 is triangulated equivalent to the stable module category stab (E 8 , ? ? (1, 3) ? ?
. with the proviso that if x is not one of the 'exceptional' vertices indicated by superscripts + and −, then H + (x) contains all the exceptional vertices along the top line in the diagram, but if x is exceptional, say x = (i, i + n) + , then H + (x) only contains half the exceptional vertices along the top line, namely (i, i+ n)
. ., starting with x itself. Define the following automorphisms of the AR quiver: θ is the identity on the non-exceptional vertices and switches (i, i+n)
+ and (i, i+n) − . The AR translation τ is given by moving each vertex one unit to the left. And finally, ω = θ(τ θ) n−1 . A subset S of the vertex set M in the AR quiver is called u-cluster tilting if
see [23, sec. 4.2] . For our choice of T , the set S is given by the modules x 1 , . . ., x n−2 , x − n−1 , x + n−1 . But then the sets
can easily be verified to sit as follows in the AR quiver,
. . .
? ?
x1
, where each parallellogram has n − 1 vertices on each side. In total, the union 0<i≤u
is a parallellogram with u(n − 1) vertices on each horizontal edge. This means that the parallellogram covers precisely the region between the x's and their shift by u(n − 1) + 1 units to the right. By Section 2.a, this is exactly the number of units after which ZD n is identified with itself to get the stable AR quiver. It follows that S is a u-cluster tilting set of vertices of the AR quiver, and hence T is u-cluster tilting in the module category by [23, thm. 4 Recall that the stable module categories of our algebras of finite type are equivalent to the mesh categories of their respective AR quivers. In particular, whether for two objects X, Y we have Hom(X, Y ) = 0 is completely determined by the mesh relations.
For type E and our special choice of object T , we get the following description of the indecomposable objects X such that Hom(T, X) = 0 directly from the mesh relations (we leave the details of the straightforward, though tedious, verification of these standard facts to the reader).
In type E 6 , the objects X are precisely the ones lying in a trapezium with T as left side and τ Σ T as right side; i.e. a trapezium with T as left side, with top side containing 4 vertices and bottom side containing 8 vertices (recall from Section 2 that Σ is acting by shifting 6 units to the right and reflecting in the central line).
In types E 7 and E 8 the situation is slightly different. The indecomposable objects X such that Hom(T, X) = 0 are precisely the ones lying in a parallelogram with T as left side and top and bottom sides containing 9 (for E 7 ) and 15 (for E 8 ) vertices, respectively. Now we are in a the position to show that our chosen object T is indeed a u-cluster tilting object. We need to describe the objects X with Hom(T, Σ i X) = 0 for some i ∈ {1, . . . , u}.
For this purpose, let us consider the regions H(j) of the AR quiver corresponding to indecomposable objects X for which
where j ranges through {1, . . . , u}.
For type E 6 , as in Theorem 1.2 we suppose that u ≡ −2 mod 11. We have to distinguish the cases where u is even and odd, respectively. According to the above description, the regions H(j) look as follows. If u is even, then they tile a parallelogram with left side Σ −u T and right side τ T , Thus we have shown that our chosen object T is indeed a u-cluster tilting object in stab(E 6 , 6u+1 If u is odd, then the regions H(j) for j ranging through {1, . . . , u} tile a trapezium with left side Σ −u T and right side τ T ,
in particular, the top side of this trapezium contains u−1 2 · 12 + 8 = 6u + 2 vertices, and the bottom side contains 6u − 2 vertices. In total, this trapezium then contains 36u vertices (e.g. note that each of the u smaller trapeziums with top and bottom sides of length 4 and 8 contains 36 vertices). But by Lemma 3.6, the stable category stab (E 6 , 6u+1 11 , 2) has precisely 6(6u + 1) = 36u + 6 indecomposable objects. Thus, the above trapezium fills precisely the entire region between the parts which become identified in the AR quiver. Now we can argue as above to deduce that T is indeed a u-cluster tilting object in stab(E 6 , 6u+1 11 , 2). For types E 7 and E 8 we suppose, according to Theorem 1.2, that u ≡ −2 mod 17 and u ≡ −2 mod 29, respectively. Similarly to the above considerations in type E 6 when u is even, the regions H(j) of indecomposable objects X satisfying equation (6) = 8(15u+1) (by Lemma 3.8), respectively. Hence, the AR quivers of these stable categories are identified after 9u + 1 (for E 7 ) and 15u + 1 units (for E 8 ). From the sizes of the parallelograms given above it then follows (completely analogous to previous cases) that T is a u-cluster tilting object of the relevant stable categories in types E 7 and E 8 .
4.c. Stable endomorphism algebra of T . The desired fact that the stable endomorphism algebra End(T ) is the hereditary algebra kD n or kE n for our specially chosen object T follows again from the mesh relations. For the convenience of the reader we include a detailed proof here.
That End(T ) is the desired hereditary algebra will be clear if we can show that, for each pair of indecomposable summands x i and x j of T , the stable Hom-space Hom(x i , x j ) is one-dimensional if x i is below x j in the AR quiver, and zero otherwise.
The algebras in question are standard, so each morphism between indecomposable modules in the stable category is a sum of compositions of sequences of irreducible morphisms between indecomposable modules. Consider such a sequence which composes to a morphism x i → x j .
If, along the sequence, there is an indecomposable y which is not a summand of T , then y → x j factors through a direct sum of indecomposable summands of τ T by [6, lem. VIII.5.4]. But then x i → y → x j factors in the same way, and this means that it is zero because Hom(T, τ T ) = 0 by the methods used in the proof that T is u-cluster tilting. Hence x i → x j can be taken to be a sum of compositions of sequences of irreducible morphisms which only pass through indecomposable summands of T . In the AR quiver, the arrows between these summands all point upwards, so it follows that Hom(x i , x j ) is zero unless x i is below x j in the AR quiver.
On the other hand, if x i is below x j , then Hom(x i , x j ) is non-zero by [23, The only way we could fail to get Hom(T, Σ −i T ) = 0 would be if Σ −i T moved so far to the left that it made it all the way around the stable AR quiver and collided with H(T ) from the right.
However, this does not happen: ω, and hence Σ −1 , is a move by n − 1 units to the left, so Σ −(u−1) T is moved (u − 1)(n − 1) units to the left. On the other hand, to collide with H(T ), one has to move by the circumference of the stable AR quiver minus the horizontal length of H(T ) plus one, and this is u(n − 1) + 1 − (n − 1) + 1 = (u − 1)(n − 1) + 2.
4.d.2. Type E. In Section 4.b.2 we have described the regions in the AR quiver where the modules X are located for which Hom(T, X) = 0; let us again denote them by H(T ). These regions H(T ) are certain trapeziums (for E 6 ) or parallelograms (for E 7 and E 8 ).
For types E 7 and E 8 , we get a situation for which a sketch would resemble the one above. The situation for E 6 is completely analogous, but using trapeziums instead of parallelograms.
Analogous to type D before, the only way we could fail to get Hom(T, Σ −i T ) = 0 would be if Σ −i T moved so far to the left that it made it all the way around the stable AR quiver and collided with H(T ) from the right.
However, this does not happen: in fact, left of Σ −(u−1) T we have the parallelogram (resp. trapezium) Σ −u H(T ), before objects get identified in the stable AR quiver. Hence, Hom(T, Σ −i T ) = 0 for i = 1, . . . , u − 1, as desired. Note that it is crucial that the maximum value for i here is u − 1; of course, we have that Hom(T, Σ −u T ) = 0.
Examples
We illustrate our realizability results by considering the situation for some small values of n.
Let us first consider type D 4 . Then Theorems 4.2 and 4.3 do not apply. From Theorem 4.1 we get for every u ≡ 3 mod 5 that the u-cluster category of type D 4 is triangulated equivalent to stab (D 4 , 3u+1 5 , 1). Let us now consider type D 6 . From Theorem 4.1 we get for every u ≡ 7 mod 9 that the u-cluster category of type D 6 is triangulated equivalent to the category stab (D 6 , 5u+1 9 , 1). Moreover, from Theorem 4.3 we also get that for every u ≡ 1 mod 9 and every u ≡ 4 mod 9 that the u-cluster category of type D 6 is triangulated equivalent to stab (D 6 , 5u+1 9 , 1). Hence, for all u ≡ 1 mod 3, we get the u-cluster category of type D 6 as stable module category of a selfinjective algebra.
We remark that the smallest case u = 1 states that the 1-cluster category of type D 6 is triangulated equivalent to the stable module category of the preprojective algebra of type A 4 . In fact, the algebra (D 6 , 2 3 , 1) is just this preprojective algebra. This can be considered as the cluster category version of the statement that the preprojective algebra of type A 4 is of cluster type D 6 [19, sec. 19.2] . For more details on the close connection between preprojective algebras and cluster theory we refer to [20] .
